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Abstract. The formalism devoted to the production of two pseudoscalar mesons with a linearly polarized photon beam has been
detailed and illustrated in Phys. Rev. D100 (2019) 054017. This document reports the necessary formulas, without proof, to
perform an analysis of the angular distribution of two mesons photoproduction. The relations to extract moments of the angular
distribution are provided, as well as the relations between moments and partial waves for a system involving S, P and D waves.
The expressions of the integrated beam asymmetry and the beam asymmetry along the y axis in term of moments are mentioned.
INTRODUCTION
With the 12 GeV upgrade, JLab enters a new era of meson spectroscopy. Several interesting problems in light meson
spectroscopy involve resonances, such as scalar and hybrid mesons, that decay into two pseudoscalar particles. The
identification of such mesons requires an analysis of the angular distribution of the decay products. This document
aims at summarizing the key formulas to extract moments of the angular distribution of the two pseudoscalar mesons.
All formulas are extracted from Ref. [1]. In this reference, the interested readers will find the derivations of the
equations presented in this document, as well as an illustration of the moments and beam asymmetries.
FIGURE 1. Left panel: The reaction plane formed’ by the beam γ , the nucleon target N and the recoiling particle R. The x and
z axes of the helicity and the GJ frames are indicated. The helicity frame is obtained from the GJ frame by a rotation of angle ω
around the y axis (perpendicular to the reaction plane). Right panel, The decay angles ΩGJ = (θGF ,φGJ) of the meson P1 in the GJ
frame are indicated. The polarization vector ε of the beam is also shown.
The photoproduction of two pseudoscalar mesons is decribed by the process
~γ(λ , pγ) p(λ1, pN)→ P1(p1) P2(p2) R(λ2, pR). (1)
In Eq. (1), P1,2 = {pi±,K±,η ,η ′, . . .} are the two pseudoscalar mesons and R= {p,n,∆++, . . .} is the recoiling particle.
The Mandelstam variables are the total energy squared s= (pγ + pN)2, the momentum transferred between the target
and the recoiling particle t =(pN− pR)2, and the two mesons invariant mass squared m2 =(p1+ p2)2. The dependence
in the Mandelstam variables s, t and m will be implicit thorough this document as we are mainly focusing on the
angular dependence. In the following equations, mN and mR are the masses of the nucleon target and recoiling particle
respectively ; m1,2 are the masses of the pseudoscalar mesons P1,2.
The study of the angular distribution of the decay products is best perform in the center-of-mass of the two meson
system. The beam, target and recoiling particle momenta form a plane, the reaction plane. The normal to this plane
is conventionally the y axis and several prescription exists for the z axis. The two most commonly found choices are
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the helicity frame, in which the z axis is the opposite of the recoiling particle’s momentum; and the Gottfried-Jackson
(GJ) frame, in which the z axis is aligned with the beam momentum. The helicity and GJ frames are indicated on
Fig. 1. As it is well-known [1, 2] the the helicity (GJ) frame is equivalent to the s-channel (t-channel) frame when the
target and the recoiling particles are not polarized. The s-channel being the center-of-mass of the direct reaction and
the t-channel the center-of-mass of the crossed channel one.
The photon beam is linearly polarized with an angle Φ with respect to the reaction plane xz. The polarization
angle Φ is extracted from the y axis since the polarization vector is fixed in the lab frame and (Φ) ·y = sinΦ. The
polarization angle Φ doesn’t depend on the choice of the z axis.
As illustrated on Fig. 1, the axes in these two frames are defined by (bold face indicates spacial three vectors)
zGJ =
pγ
|pγ | , yGJ =
pR×pγ
|pR×pγ | , xGJ = yGJ×zGJ , (2)
zH =− pR|pR| , yH =
pR×pγ
|pR×pγ | , xH = yH ×zH . (3)
Given a choice of axes, Ω= (θ ,φ) are the angles of one of the meson, say P1. In the GJ frame, the angles are obtained
from
cosθGJ =
p1 ·zGJ
|p1| , cosφGJ =
yGJ · (zGJ×p1)
|zGJ×p1| , sinφGJ =−
xGJ · (zGJ×p1)
|zGJ×p1| (4)
The formula are identical in the helicity frame, with the axes replaced xGJ → xH , etc. These two frames are related
by a rotation of ω around the y axis as indicated in Fig. 1. The angle ω satisfies cosω = (β − cosθs)/(β cosθs−1),
with β = λ 1/2(s,m2R,m2)/(s−m2R+m2) and cosθs is the cosine of the scattering angle between the nucleon target
and the recoiling particle in the center-of-mass frame
cosθs =
s2+ s(2t−m2N−m2R−m2)−m2N(m2−m2R)
λ 1/2(s,m2N ,0)λ 1/2(s,m2,m2R)
(5)
The triangle function is λ (a,b,c) = a2 + b2 + c2− 2(ab+ bc+ ca). At high energies, the crossing angle is simply
cosω ' (m2+ t)/(m2− t). The relation between the helicity and GJ angles are
cosθH = cosθGJ cosω− sinθGJ cosω sinω, cotφH = 1sinφGJ [cosφGJ cosω+ cotθGJ sinω] . (6)
The inverse relations are obtained by changing the sign of ω .
MOMENTS OF ANGULAR DISTRIBUTION
The amplitudes for the reaction (1) are denoted Aλ ;λ1λ2(Ω). Since the formalism is equivalent in both the helicity and
the GF frame, we will omit the frame index when there is no ambiguity. TheΦ-dependence of the intensity is encoded
in the density matrix of the photon ργ and the differential cross section in photoproduction is
I(Ω,Φ) =
dσ
dtdmdΩdΦ
= κ ∑
λ ,λ ′
λ1,λ2
Aλ ;λ1λ2(Ω)ρ
γ
λλ ′(Φ)A
∗
λ ′;λ1λ2(Ω). (7)
We include all numerical factors in the phase space factor,
κ =
1
(2pi)3
1
4pi
1
2pi
λ 1/2(m2,m21,m
2
2)
16m(s−m2N)2
1
2
. (8)
With a linearly polarized beam, the dependence on the polarization angle Φ can be made explicit. The photon
density matrix doesn’t depend on the choice of the z axis and is thus equivalent in both helicity and GJ frames,
ργ(Φ)|H = ργ(Φ)|GJ = (1/2)
[
σ0−σ1Pγ cos2Φ−σ2Pγ sin2Φ
]
, with 0 6 Pγ 6 1, the degree of polarization. With
the explicit dependence on the polarization angle, the intensity becomes:
I(Ω,Φ) = I0(Ω)−Pγ I1(Ω)cos2Φ−Pγ I2(Ω)sin2Φ. (9)
From the experimental intensity I(Ω,Φ), one can extract the moments of the meson angular distribution. With
a linearly polarized beam, the kinematical dependence in the polarized angle Φ in Eq. (9) leads to naturally define
unpolarized H0(LM) and polarized H1,2(LM) moments. They are unambiguously extracted from:
H0(LM) =
1
2pi
∫ 2pi
0
∫ 2pi
0
∫ 1
−1
I(Ω,Φ)dLM0(θ)cosMφ d(cosθ)dφdΦ, (10a)
H1(LM) =
1
Pγpi
∫ 2pi
0
∫ 2pi
0
∫ 1
−1
I(Ω,Φ)dLM0(θ)cosMφ cos2Φ d(cosθ)dφdΦ, (10b)
ImH2(LM) =
−1
Pγpi
∫ 2pi
0
∫ 2pi
0
∫ 1
−1
I(Ω,Φ)dLM0(θ)sinMφ sin2Φ d(cosθ)dφdΦ. (10c)
Parity conservation restricts the independent moments to 06M6 L. The extra minus sign in the definition of H1(LM)
ensures that H1(00) is positive for positive reflectivity waves.
The three sets {H0(LM),H1(LM), ImH2(LM)} are equivalent to the full intensity since the complete angular dis-
tribution can be recovered from Eq. (9) and
I0(Ω) = ∑
L,M>0
(
2L+1
4pi
)
(2−δM,0)H0(LM)dLM0(θ)cosMφ , (11a)
I1(Ω) =−∑
L,M>0
(
2L+1
4pi
)
(2−δM,0)H1(LM)dLM0(θ)cosMφ , (11b)
I2(Ω) = 2 ∑
L,M>0
(
2L+1
4pi
)
ImH2(LM)dLM0(θ)sinMφ (11c)
As previously mentioned the frame index on the angles is not indicated as the formulas are identical in both the helicity
and the GJ frames. However it is important to remember that the moments depend on the frame. The relation between
the moments extracted in the helicity and the GJ frames is
Hα(LM)|GJ =∑
M′
Hα(LM′)
∣∣
H d
L
MM′(ω), with α = 0,1,2. (12)
This equation is not limited to the helicity and the GJ frames but provide the relation between moments in any two
frames related by a rotation around the y axis, with ω being the angle between the frames. In principle, moments
can be extracted for arbitrarily large angular momenta L. In practical cases, the angular distribution of a two mesons
system up to an invariant mass mmax can be accurately described with a finite number of moments L 6 Lmax(mmax).
Eq. (12) tells us that Lmax is the same in both frames. For a fixed Lmax, the number of relevant moments in a given
frame might be limited to specific M values for dynamical reason. For instance, it may happen that, the helicity
frame at high energy, s-channel helicity conservation restricts the relevant moments to only M = 1. But even in this
case Eq. (12) indicates that in any other frame, moments with all M components will be contribute to the angular
distribution.
PARTIAL WAVES
The quantum numbers of the P1P2 system are obtained from its partial wave decomposition. The partial wave ampli-
tudes T `λm;λ1λ2 are defined by
Aλ ;λ1λ2(Ω) = ∑`
m
T `λm;λ1λ2Y
m
` (Ω). (13)
Furthermore it is convenient to work in the so-called reflectivity basis which uses the following linear combination of
the two, λγ =±1 photon helicities
(ε)T `m;λ1λ2 ≡
1
2
[
T `+1m;λ1λ2 − ε (−1)m T `−1−m;λ1λ2
]
, (14)
with m=−`, · · · , `. As shown, in Ref. [1], in the high-energy limit the amplitudes with ε =+1(−1) are dominated by
t-channel exchanges with naturality, η =+1(−1), respectively. The reflectivity ε is the eigenvalue of the reflectivity
operator, the symmetry through the reaction plane, and the naturality is defined by η = P(−1)J for exchanges of spin
J and parity P. Parity invariance implies
(ε)T `m;−λ1−λ2 = ε(−1)λ1−λ2 (ε)T `m;λ1λ2 . (15)
The target being a nucleon, there are only two possibilities for its helicity λ1 = ± 12 . There are thus 2× (2`+ 1)×
(2sR+1) independent partial wave amplitudes of spin `, sR being the spin of the recoiling particle. A standard choice
is the set (ε)T `
m; 12λ2
. We designate these amplitudes by [`](ε)m;k with [`] = S,P,D, . . ., k = 0,1, . . . ,2sR+1, m=−`, . . . , `
and ε = ±. It is worth noting that in photoproduction, the reflectivity basis involves positive and negative values of
m while in the case of a spinless beam only the m > 0 spin projections enter [3]. The reflectivity basis defined by
Eq. (14) becomes more convenient at high energies, when the production mechanism is dominated by natural parity
Reggeons. In this case, the set of relevant partial waves can be reduced by noting that [`](−)m;k  [`](+)m;k .
Parity conservation implies that the two reflectivity components add incoherently in observables:
∑
λ1,λ2
(ε)T `m;λ1λ2
(ε ′)T `
′
m′;λ1λ2 = 2δε,ε ′∑
k
[`]
(ε)
m;k[`
′](ε)∗m′;k . (16)
Therefore all observables can be decomposed into their reflectivity components:
Iα(Ω) = (+)Iα(Ω)+ (−)Iα(Ω) Hα(LM) = (+)Hα(LM)+ (−)Hα(LM) α = 0,1,2 (17)
The expressions of the moments up to L= 4 in terms of S, P and D waves are provided in the Appendix.
There are several equivalent ways of expressing the intensities in term of the partial waves in the reflectivity basis.
One possibility is to introduce the quantities Zm` (Ω,Φ) = Y
m
` (Ω)e
−iΦ such that
ReZm` (Ω,Φ) =
√
2`+1
4pi
d`m0(θ)cos(mφ −Φ), ImZm` (Ω,Φ) =
√
2`+1
4pi
d`m0(θ)sin(mφ −Φ). (18)
With this definition, the full intensity becomes
I(Ω,Φ) = 2κ∑
k
{
(1+Pγ)
∣∣∣∣∣∑`
,m
[`]
(+)
m;k ReZ
m
` (Ω,Φ)
∣∣∣∣∣
2
+(1−Pγ)
∣∣∣∣∣∑`
,m
[`]
(+)
m;k ImZ
m
` (Ω,Φ)
∣∣∣∣∣
2
+(1−Pγ)
∣∣∣∣∣∑`
,m
[`]
(−)
m;k ReZ
m
` (Ω,Φ)
∣∣∣∣∣
2
+(1+Pγ)
∣∣∣∣∣∑`
,m
[`]
(−)
m;k ImZ
m
` (Ω,Φ)
∣∣∣∣∣
2}
(19)
This expression can be used to extract partial waves [`](ε)m;k from the measured intensity I(Ω,Φ). In practice the phase
space is absorbed in a redefinition of the partial wave
√
κ[`](ε)m;k→ [`](ε)m;k and, if nor the target or the recoiling particle
is polarized, the summation over k is ignored.
BEAM ASYMMETRIES
A common observable extracted with a polarized beam is the beam asymmetry, defined as the difference in the
intensity between polarization parallel Φ= 0 and perpendicular Φ= pi2 to the reaction plane, normalized to their sum.
When two mesons are produced, the decay angles of one of the mesonΩ= (θ ,φ) have to be specified. In Ref. [1], we
provided a general definition of beam asymmetries. We also detailed the properties of two special cases: the integrated
beam asymmetry Σ4pi and the beam asymmetry along the y axis Σy. Both Σ4pi and Σy are independent of the z axis and
are equal in both the helicity and the GJ frames. Σ4pi is obtained by integrating over the decay angles:
Σ4pi =
1
Pγ
∫
4pi
[
I(Ω,0)− I(Ω, pi2 )
]
dΩ∫
4pi
[
I(Ω,0)+ I(Ω, pi2 )
]
dΩ
=
−1
Pγ
∫
4pi I
1(Ω)dΩ∫
4pi I0(Ω)dΩ
=
H1(00)
H0(00)
. (20)
Σ4pi has the advantage of being easily extracted experimentally but its interpretation in term of partial waves is not
obvious in general, as can be seen from
H0(00) = 2κ ∑
k,`,m
∣∣∣[`](+)m;k ∣∣∣2+ ∣∣∣[`](−)m;k ∣∣∣2 , H1(00) = 2κ ∑
k,`,m
(−1)m Re
(
[`]
(+)
m;k [`]
(+)∗
−m;k− [`](−)m;k [`](−)∗−m;k
)
. (21)
Although positive an negative reflectivity components contribute with opposite signs, the terms Re
(
[`]
(ε)
m;k[`]
(ε)∗
−m;k
)
are
not positive definite. There is thus no relation between the sign of Σ4pi are the reflectivity of the waves.
The beam asymmetry Σy in which the two meson momenta were perpendicular to the reaction plane is given by
Σy =
1
Pγ
I(Ωy,0)− I(Ωy, pi2 )
I(Ωy,0)+ I(Ωy, pi2 )
=− I
1(Ωy)
I0(Ωy)
. (22)
Binning around the y axis, its angles are Ωy = (pi2 ,
pi
2 ), drastically reduce the number of events. Alternatively, Σy is
advantageously reconstructed from the moments. The expression of the intensities Iα(Ωy) with α = 0,1 in terms of
moments, truncated to L= 4, is
4pi(−1)α Iα(Ωy) = Hα(00)− 52H
α(20)−5
√
3
2
Hα(22)+
27
8
Hα(40)+
9
2
√
5
2
Hα(42)+
9
4
√
35
2
Hα(44). (23)
Σy is designed to represent the action of the reflection through the reaction plane. By construction, the production of
the wave [`](ε)m;k has the reflectivity eigenvalue ε and the decay amplitude has the eigenvalue (−1)` when the meson
momenta are aligned with the y axis. In order words, a single partial wave [`](ε)m;k leads to Σy = ε(−1)`. When only
one production mechanism dominates, as expected at high energies, Σy provide information about the parity of the
dominant waves in a given invariant mass region. This observables might thus be useful to detect exotic waves. In the
case of two identical mesons, only even waves contributes to the system by Bose symmetry. In this case Σy provides an
information about the relative weight of each reflectivity component, as it is in single pseudoscalar photoproduction.
For completeness, the expression of the intensities involved in Σy in the presence of multiple waves is given by
I0(Ωy) = 2κ ∑
k,`,`′
∑
m,m′
(
[`]
(+)
m;k [`
′](+)∗m′;k +[`]
(−)
m;k [`
′](−)∗m′;k
)
Ym` (Ωy)Y
m′∗
`′ (Ωy) (24a)
−I1(Ωy) = 2κ ∑
k,`,`′
(−1)` ∑
m,m′
(
[`]
(+)
m;k [`
′](+)∗m′;k − [`]
(−)
m;k [`
′](−)∗m′;k
)
Ym` (Ωy)Y
m′∗
`′ (Ωy), (24b)
where the sums are restricted to `,`′,m,m′ having the same parity. For completeness, we mention that
Ym` (Ωy) = i
`
√
2`+1
4pi
√
(`−m)!
(`+m)!
(`+m−1)!!
(`−m)!! , for even `+m. (25)
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Moments with S, P and D waves
I restrict the wave set to only S, P and D waves and ignore the sR degrees of freedom relative to the recoiling particles.
I also suppress the phase space factor κ in the formulas below. There are 1+ 3+ 5 waves for each reflectivity
components. Since moments involve an incoherent sum over the two reflectivity components, one just needs to
specify the relation between moments and one reflectivity component of the partial waves. In the following, only the
relation involving the positive reflectivity components are provided for simplicity and one should keep in mind that
the moments are obtained by summing both reflectivity components using
H0(LM) = (+)H0(LM)+ (−)H0(LM) (26a)
H1(LM) = (+)H1(LM)+ (−)H1(LM) (26b)
ImH2(LM) = (+)H2(LM)+ (−)H2(LM) (26c)
The moments (−)H0(LM) are obtained from (+)H0(LM) by replacing the ε = + waves by the ε = − waves. The
moments (−)H1,2(LM) are obtained from (+)H1,2(LM) by replacing the ε = + waves by the ε = − waves and by
changing the overall sign. A C/C++ implementation of the moments can be found on the JPAC website [4, 5]. Their
expressions are given below, classified according to the angular momentum L.
L= 0:
(+)H0(00) = 2
[
|S(+)0 |2+ |P(+)−1 |2+ |P(+)0 |2+ |P(+)1 |2+ |D(+)−2 |2+ |D(+)−1 |2+ |D(+)0 |2+ |D(+)1 |2+ |D(+)2 |2
]
, (27a)
(+)H1(00) = 2
[
|S(+)0 |2+ |P(+)0 |2+ |D(+)0 |2−2Re(P(+)1 P(+)∗−1 )−2Re
(
D(+)1 D
(+)∗
−1
)
−2Re
(
D(+)2 D
(+)∗
−2
)]
(27b)
L= 1:
(+)H0(10) =
4√
3
Re
(
S(+)0 P
(+)∗
0
)
+
8√
15
Re
(
P(+)0 D
(+)∗
0
)
+
4√
5
Re
(
P(+)1 D
(+)∗
1
)
+
4√
5
Re
(
P(+)−1 D
(+)∗
−1
)
(28a)
(+)H1(10) =
4√
3
Re
(
S(+)0 P
(+)∗
0
)
+
8√
15
Re
(
P(+)0 D
(+)∗
0
)
− 4√
5
Re
(
P(+)1 D
(+)∗
−1 +P
(+)
−1 D
(+)∗
1
)
(28b)
(+)H0(11) =
2√
3
Re
[(
S(+)0 −
1√
5
D(+)0
)(
P(+)∗1 −P(+)∗−1
)]
+
2√
5
Re(P(+)0 D
(+)∗
1 −P(+)0 D(+)∗−1 )
+
2
√
2√
5
Re(P(+)1 D
(+)∗
2 −P(+)−1 D(+)∗−2 ) (28c)
(+)H1(11) =
2√
3
Re
[(
S(+)0 −
1√
5
D(+)0
)(
P(+)∗1 −P(+)∗−1
)]
+
2√
5
Re(P(+)0 D
(+)∗
1 −P(+)0 D(+)∗−1 )
+
2
√
2√
5
Re(P(+)1 D
(+)∗
−2 −P(+)−1 D(+)∗2 ) (28d)
(+)H2(11) =− 2√
3
Re
[(
S(+)0 −
1√
5
D(+)0
)(
P(+)∗1 +P
(+)∗
−1
)]
− 2√
5
Re(P(+)0 D
(+)∗
1 +P
(+)
0 D
(+)∗
−1 )
+
2
√
2√
5
Re(P(+)1 D
(+)∗
−2 +P
(+)
−1 D
(+)∗
2 ) (28e)
L= 2:
(+)H0(20) =
4
5
|P(+)0 |2−
2
5
(
|P(+)1 |2+ |P(+)−1 |2
)
+
4
7
|D(+)0 |2+
2
7
(
|D(+)1 |2+ |D(+)−1 |2
)
− 4
7
(
|D(+)2 |2+ |D(+)−2 |2
)
+
4√
5
Re
(
S(+)0 D
(+)∗
0
)
(29a)
(+)H1(20) =
4
5
|P(+)0 |2+
4
5
Re
(
P(+)1 P
(+)∗
−1
)
+
4
7
|D(+)0 |2−
4
7
Re
(
D(+)1 D
(+)∗
−1
)
− 8
7
Re
(
D(+)2 D
(+)∗
−2
)
+
4√
5
Re
(
S(+)0 D
(+)∗
0
)
(29b)
(+)H0(21) = 2Re
[(
S(+)0√
5
+
D(+)0
7
)(
D(+)∗1 −D(+)∗−1
)]
+2
√
3
5
Re
[
P(+)0
(
P(+)∗1 −P(+)∗−1
)]
+2
√
6
7
Re
[
D(+)1 D
(+)∗
2 −D(+)−1 D(+)∗−2
]
(29c)
(+)H1(21) = 2Re
[(
S(+)0√
5
+
D(+)0
7
)(
D(+)∗1 −D(+)∗−1
)]
+2
√
3
5
Re
[
P(+)0
(
P(+)∗1 −P(+)∗−1
)]
+2
√
6
7
Re
[
D(+)1 D
(+)∗
−2 +D
(+)
−1 D
(+)∗
2
]
(29d)
(+)H2(21) =−2Re
[(
S(+)0√
5
+
D(+)0
7
)(
D(+)∗1 +D
(+)∗
−1
)]
−2
√
3
5
Re
[
P(+)0
(
P(+)∗1 +P
(+)∗
−1
)]
(29e)
+2
√
6
7
Re
[
D(+)1 D
(+)∗
−2 +D
(+)
−1 D
(+)∗
2
]
(29f)
(+)H0(22) = 2Re
[(
S(+)0√
5
− 2
7
D(+)0
)(
D(+)∗2 +D
(+)∗
−2
)]
−2
√
6
5
Re
(
P(+)1 P
(+)∗
−1
)
−2
√
6
7
Re
(
D(+)1 D
(+)∗
−1
)
(29g)
(+)H1(22) = 2Re
[(
S(+)0√
5
− 2
7
D(+)0
)(
D(+)∗2 +D
(+)∗
−2
)]
+
√
6
5
(
|P(+)1 |2+ |P(+)−1 |2
)
+
√
6
7
(
|D(+)1 |2+ |D(+)−1 |2
)
(29h)
(+)H2(22) =−2Re
[(
S(+)0√
5
− 2
7
D(+)0
)(
D(+)∗2 −D(+)∗−2
)]
−
√
6
5
(
|P(+)1 |2−|P(+)−1 |2
)
−
√
6
7
(
|D(+)1 |2−|D(+)−1 |2
)
(29i)
L= 3:
(+)H0(30) =
12
7
√
5
Re
(√
3P(+)0 D
(+)∗
0 −P(+)1 D(+)∗1 −P(+)−1 D(+)∗−1
)
(30a)
(+)H1(30) =
12
7
√
5
Re
(√
3P(+)0 D
(+)∗
0 +P
(+)
1 D
(+)∗
1 +P
(+)
−1 D
(+)∗
−1
)
(30b)
(+)H0(31) =
4
7
√
6
5
Re
[
P(+)0
(
D(+)∗1 −D(+)∗−1
)]
+
6
7
√
2
5
Re
[
D(+)0
(
P(+)∗1 −P(+)∗−1
)]
− 2
7
√
3
5
Re
(
P(+)1 D
(+)∗
2 −P(+)−1 D(+)∗−2
)
(30c)
(+)H1(31) =
4
7
√
6
5
Re
[
P(+)0
(
D(+)∗1 −D(+)∗−1
)]
+
6
7
√
2
5
Re
[
D(+)0
(
P(+)∗1 −P(+)∗−1
)]
− 2
7
√
3
5
Re
(
P(+)1 D
(+)∗
−2 −P(+)−1 D(+)∗2
)
(30d)
(+)H2(31) =−4
7
√
6
5
Re
[
P(+)0
(
D(+)∗1 +D
(+)∗
−1
)]
− 6
7
√
2
5
Re
[
D(+)0
(
P(+)∗1 +P
(+)∗
−1
)]
− 2
7
√
3
5
Re
(
P(+)1 D
(+)∗
−2 +P
(+)
−1 D
(+)∗
2
)
(31a)
(+)H0(32) =
√
12
7
Re
[
P(+)0
(
D(+)∗2 +D
(+)∗
−2
)
−
√
2P(+)1 D
(+)∗
−1 −
√
2P(+)−1 D
(+)∗
1
)
(31b)
(+)H1(32) =
√
12
7
Re
[
P(+)0
(
D(+)∗2 +D
(+)∗
−2
)
+
√
2P(+)1 D
(+)∗
1 +
√
2P(+)−1 D
(+)∗
−1
)
(31c)
(+)H2(32) =−
√
12
7
Re
[
P(+)0
(
D(+)∗2 −D(+)∗−2
)
+
√
2P(+)1 D
(+)∗
1 −
√
2P(+)−1 D
(+)∗
−1
)
(31d)
(+)H0(33) =
6
7
Re
[
P(+)0 D
(+)∗
−2 −P(+)−1 D(+)∗2
)
(31e)
(+)H1(33) =
6
7
Re
[
P(+)0 D
(+)∗
2 −P(+)−1 D(+)∗−2
)
(31f)
(+)H2(33) =
6
7
Re
[
P(+)0 D
(+)∗
2 +P
(+)
−1 D
(+)∗
−2
)
(31g)
L= 4:
(+)H0(40) =
2
21
[
6|D(+)0 |2−4
(
|D(+)1 |2+ |D(+)−1 |2
)
+ |D(+)2 |2+ |D(+)−2 |2
]
(32a)
(+)H1(40) =
4
21
[
3|D(+)0 |2+Re
(
4D(+)1 D
(+)∗
−1 +D
(+)
2 D
(+)∗
−2
)]
(32b)
(+)H0(41) =
2
√
5
21
Re
[√
6D(+)0
(
D(+)∗1 −D(+)∗−1
)
+D(+)−1 D
(+)∗
−2 −D(+)1 D(+)∗2
]
(32c)
(+)H1(41) =
2
√
5
21
Re
[√
6D(+)0
(
D(+)∗1 −D(+)∗−1
)
+D(+)−1 D
(+)∗
2 −D(+)1 D(+)∗−2
]
(32d)
(+)H2(41) =−2
√
5
21
Re
[√
6D(+)0
(
D(+)∗1 −D(+)∗−1
)
+D(+)−1 D
(+)∗
2 +D
(+)
1 D
(+)∗
−2
]
(32e)
(+)H0(42) =
√
10
21
Re
[√
6D(+)0
(
D(+)∗2 +D
(+)∗
−2
)
−4D(+)1 D(+)∗−1
]
(32f)
(+)H1(42) =
√
10
21
Re
[√
6D(+)0
(
D(+)∗2 +D
(+)∗
−2
)
+2|D(+)1 |2+2|D(+)∗−1 |2
]
(32g)
(+)H2(42) =−
√
10
21
Re
[√
6D(+)0
(
D(+)∗2 −D(+)∗−2
)
+2|D(+)1 |2−2|D(+)∗−1 |2
]
(32h)
(+)H0(43) =
2
3
√
5
7
Re
[
D(+)1 D
(+)∗
−2 −D(+)−1 D(+)∗2
]
(32i)
(+)H1(43) =
2
3
√
5
7
Re
[
D(+)1 D
(+)∗
2 −D(+)−1 D(+)∗−2
]
(32j)
(+)H2(43) =−2
3
√
5
7
Re
[
D(+)1 D
(+)∗
2 +D
(+)
−1 D
(+)∗
−2
]
(32k)
(+)H0(44) =
2
3
√
10
7
Re
[
D(+)2 D
(+)∗
−2
]
(32l)
(+)H1(44) =
1
3
√
10
7
[
|D(+)2 |2+ |D(+)∗−2 |2
]
(32m)
(+)H2(44) =−1
3
√
10
7
[
|D(+)2 |2−|D(+)∗−2 |2
]
(32n)
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